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ABSTRACT

Ecosystem services (ES) from natural assets such as woodlands, freshwater, and air are vital for human well-being and economic
sustainability. In the UK, ES contribute approximately £1.5 trillion annually, with woodland ecosystem services (WES) alone val-
ued at £382 billion. Key WES include carbon capture, air and water purification, recreation, and urban health services. Despite their
significance, urban ES management often lacks comprehensive computational models for effective accounting and resource plan-
ning. When developed, sustainable smart city governance technologies such as the Internet of Things (IoT), artificial intelligence
(AI), and predictive analytics can be integrated to enhance the forecasting and valuation of ES for natural capital accounting. In
addition, other frameworks such as game theory, Leontief Input-Output analysis, gene—environment networks, and homogeniza-
tion theory can be explored. This study models WES components as compartments using ordinary differential equations (ODEs)
and incorporates management practices, such as forest conservation (e.g., reforestation), recreational infrastructure conservation
(e.g., site hardening, visitor management), and water conservation (e.g., habitat protection, species management), as control vari-
ables. Since the resulting model is nonlinear and analytical solutions do not exist, we apply the widely used and complementary
numerical methods, Non-Standard Finite Difference (NFSD) and Runge - Kutta 4th Order (RK4), to approximate solutions of such
ODE problems, thereby preserving accuracy, stability, and nonnegativity. The NSFD and RK4 are applied to assess three critical
WES: carbon sequestration, recreational infrastructure, and water filtration. The NSFD method is suited for global, long-term
analyses and achieved up to 55.68% effectiveness, while RK4 is more appropriate for short-term, detailed dynamics and attained
48.66% effectiveness. These results highlight that compartmental modeling with either method can accurately capture ecosystem
services for smart city planning and valuation. Both approaches are robust, with control variables such as reforestation enhanc-
ing carbon capture, improving water quality, and promoting urban health. This study emphasizes the importance of integrated
governance frameworks that combine reforestation, conservation, and smart infrastructure policies to support long-term urban
sustainability.

This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium, provided the
original work is properly cited.
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1 | Introduction

Although the study of ecosystem services has been around, the
use of analytical modeling such as the compartmental model-
ing to understand ecosystem services for natural capital account-
ing, monitoring and management requires critical attention
to support sustainable cities. A sustainable city prioritizes the
well-being of its residents and the environment by minimiz-
ing its ecological footprint through reduced energy and resource
consumption. It emphasizes sustainable urbanism, including
efficient transportation, energy use, and waste management,
resilience to climate change impacts, and the promotion of sus-
tainable consumption and production patterns. Natural capital
assets, such as woodland, offer a pathway to addressing criti-
cal societal challenges such as deteriorating recreational infras-
tructure, environmental degradation, housing shortages, water
scarcity, and healthcare needs amid rapid population growth [1].

While numerous models of natural capital and ecosystem ser-
vices exist [2-4], there are no comprehensive computational
frameworks for natural capital accounting. Developing such
models will enable governments to design evidence-based poli-
cies to replenish natural assets and ensure the sustainable use
of existing resources across service domains in urban environ-
ments [1]. The use of computational modeling is crucial for sta-
bilizing smart natural capital governance as it enables the sim-
ulation and analysis of complex environmental systems, allow-
ing for the prediction of potential impacts and the optimisa-
tion of decision-making in real time. By incorporating advanced
modeling tools, such as machine learning and Al, governance
structures can assess interactions among various ecosystem ser-
vices, identify risks, and forecast long-term changes across dif-
ferent policy scenarios. This enables more informed and precise
resource management, ensuring that natural capital is preserved
while addressing societal and economic needs. Computational
models also enhance the ability to continuously monitor ecosys-
tems, providing adaptive management strategies that respond to
emerging challenges. This capability ensures the resilience and
sustainability of natural resources. This study uses woodland
ecosystem services (WES), a key natural capital asset, to present
such a computational model.

Ecosystem services refer to the direct and indirect contributions
of natural assets—such as woodland, ocean, freshwater, farm-
land, air, among others—to human well-being and quality of
life [1]. WES are the benefits provided by woodlands to indi-
viduals and communities, particularly in urban environments.
The UK woodland, for example, covers approximately 3.28 mil-
lion hectares, representing 13% of the UK’s land area in 2024, up
from 7% in 1965. In 2021, its value was estimated at £382 billion
[5]. UK woodlands provide four categories of ecosystem services:
provisioning (e.g., fuel and fiber), regulating (e.g., climate, flood
hazard, noise, and air quality regulation), cultural (e.g., cultural
heritage, amenity, health, recreation, and tourism), and support-
ing (e.g., soil formation, often excluded from recent frameworks
as an intermediate service) [6].

The UK Government, under the United Nations System of
Environmental-Economic Accounting-Ecosystem Accounting
(SEEA EA), is working to track changes in the extent and

condition of ecosystems [5]. However, most existing models rely
on time-series data from governmental agencies and lack com-
prehensive analytical approaches to describe ecosystem services
in sustainable cities. Recent efforts, such as the European Com-
mission’s report in February 2023 [7], failed to comprehensively
evaluate the roles of ecosystem services and their control vari-
ables. This study addresses these gaps by proposing a robust ana-
lytical model for ecosystem services, using woodland as a case
study. The model offers insights into quantifying and optimiz-
ing the contributions of ecosystem services to human well-being,
thereby supporting sustainable urban development. Although
the study of ecosystem services and natural capital has been rec-
ognized globally since 1997 [8], the UK began exploring natu-
ral capital and the associated services and benefits to human
well-being in December 2012. At that time, the Office for National
Statistics (ONS) and the Department for Environment, Food and
Rural Affairs (Defra) introduced work on how to account for the
value that nature contributes to the UK’s environmental accounts
[9]. This value is referred to as the natural capital account.

Natural capital assets—such as woodlands, farmland, fresh-
water, and coastal areas—provide essential services, including
energy, food, timber, air quality regulation, and recreation. These
services, in turn, benefit human society. In the context of natural
capital accounting, assets are considered “stocks,” while the ser-
vices they provide are referred to as “flows.” Both stock and flow
accounts can be represented in either monetary or physical terms
[10, 11]. This study focuses on the flow of services that wood-
lands, as a form of natural capital, contribute to the UK’s nat-
ural capital account. By quantifying woodland services, we aim
to improve understanding and research into other natural capi-
tal stocks, facilitating more effective natural capital accounting.
Ultimately, this approach will help achieve the United Nations
Sustainable Development Goals (SDGs) and the UK’s Net Zero
targets.

In the UK, cities are increasingly relying on ecosystems and
their services to support society and the economy [12]. These
cities are being progressively developed into smart and sustain-
able urban environments. In 2007, Giffinger defined smart cities
as “the search and identification of intelligent solutions which
allow modern cities to enhance the quality of the services pro-
vided to citizens [13].” Based on their work, six key pillars of
smart cities were identified: smart mobility, smart governance,
smart economy, smart living, smart environment, and smart peo-
ple [14]. Smart governance policies will drive the smart economy,
smart living, smart environment, and smart mobility, while smart
people will promote effective governance and sustainable cities,
in line with the United Nations Sustainable Development Goals
(SDGs). The United Nations Economic Commission for Europe
(UNECE) describes “a smart sustainable city as an innovative city
that uses Information and Communication Technologies (ICTs)
and other means to improve quality of life, enhance the efficiency
of urban operations and services, and boost competitiveness, all
while meeting the needs of present and future generations across
economic, social, environmental, and cultural dimensions” [15].
With the advent of the Internet of Things (IoT), data collec-
tion, machine learning and AI technologies, smart city gover-
nance, and modelling and accounting for WES based on analyt-
ical frameworks, natural capital accounting will become more
attractive. For example, innovative frameworks such as game
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theory, Leontief Input—Output analysis, gene-environment net-
work and homogenization theory can be explored.

As the UK Government develops methods to track changes in
ecosystem assets, computational modeling of WES offers a valu-
able empirical tool for studying, quantifying, and optimizing
resource demand from natural assets while helping reduce emis-
sions [11]. Such modeling offers smart, sustainable opportunities
to integrate ecosystem services into natural capital accounting.
In other words, ICTs, IoT, Al, sensors and other technologies
can be leveraged to create resilient and efficient urban environ-
ments. There is a strong link between smart city governance and
natural capital ecosystem services, as both are interconnected in
fostering sustainable and liveable urban spaces. Ecosystem ser-
vices, including air purification, water filtration, carbon seques-
tration, and biodiversity conservation, play a vital role in sus-
tainability and resource management. The framework has been
extended to an economy-wide material flow analysis (EW-MFA)
[16]. In parallel, smart city governance leverages digital tools,
IoT, and data-driven decision-making to optimize resource use
and minimize environmental impacts. Urban planning and green
infrastructure benefit significantly from natural capital assets,
such as urban forests and wetlands, which contribute to improv-
ing air quality and help mitigate the urban heat island effect.
For instance, governance frameworks increasingly incorporate
geospatial mapping, Al, and analytics to embed ecosystem ser-
vices into land-use strategies. These approaches form the foun-
dation of an emerging smart city technology ecosystem that sup-
ports effective and sustainable governance [17].

Moreover, climate resilience is strengthened by integrating
ecosystem service control variables within smart city systems.
Predictive analytics and early warning systems enable cities to
mitigate climate risks while aligning urban development with
nature-based solutions. Citizen engagement further amplifies
these efforts through participatory initiatives such as urban
gardening and tree planting, which also raise public aware-
ness about the importance of natural capital. In context, eco-
nomic valuation and data-driven governance facilitate the inte-
gration of ecosystem services into policymaking, ensuring that
urban growth aligns with long-term environmental sustainabil-
ity [18]. The development of spatial data infrastructures (SDIs)
underpins this process, improving local governance capacity and
resilience.

Therefore, WES modeling serves as a powerful tool to quan-
tify carbon sequestration, recreational infrastructure and water
filtration and their benefits to human beings. Since this study
views these components of WES as compartments, the inflow
and outflow of resources over time will be described using ordi-
nary differential equations (ODEs). It becomes essential to con-
sider its stability properties, with linear stability often being a
primary factor [19]. In cases where exact solutions to differen-
tial equations are unattainable, it becomes crucial to choose a
numerical method that preserves the critical characteristics of the
exact solution. Non-Standard Finite Difference (NSFD) methods
and geometric numerical integrators play a vital role in ensur-
ing that the numerical solution aligns with the essential proper-
ties of the system being modeled. Numerical solutions to differ-
ential equations are used to approximate their analytical coun-
terparts, with methods such as NSFD and Runge-Kutta being

commonly employed because they offer higher accuracy. For
example, the Euler method, grounded in geometric intuition,
approximates the solution by taking small steps [20]. It uses the
slope at a given point to estimate the value of the solution at the
next point. However, the Runge-XKutta method is a more sophis-
ticated extension of the Euler method, offering higher accu-
racy. It improves on Euler’s approach by incorporating multiple
weighted slopes at each time step, enhancing the precision of
the solution [21]. Among the various Runge-Kutta methods, the
Runge-Kutta Fourth order (RK4) method is one of the oldest
and most widely used techniques for solving ODEs. Its robust-
ness and well-understood properties make it a popular choice
for accurately solving a range of problems in numerical analy-
sis. Following this present study, other methods such as game
theory [22], Leontief Input-Output analysis [23-25], homoge-
nization theory [26] and gene-environment network [27] can
be studied.

The motivation for employing the NSFD and RK4 meth-
ods in modeling the integer-order derivatives of WES is to
accurately capture the complex dynamics of these systems
while ensuring precision, stability, and the preservation of key
ecosystem properties. WES are intricate systems with inter-
actions that can lead to non-negative populations, conserva-
tion of specific quantities, and possible oscillatory behavior.
The NSFD method is particularly motivated by the need to
maintain these properties in the discrete model. Unlike tradi-
tional methods, NSFD schemes can be customized to ensure
that the numerical solution adheres to the computational con-
straints of the system, such as ensuring non-negativity of pop-
ulations (e.g., tree densities, carbon stocks) over time. Given
that WES often involve nonlinear interactions—such as carbon
sequestration, water filtration, and recreational value—NSFD
methods are designed to handle these nonlinearities while
maintaining stability. This is a critical challenge with tradi-
tional methods, which often struggle with nonlinear differential
equations.

Although RK4 is not specifically designed for nonlinear systems,
it remains highly effective for many practical problems, includ-
ing those with moderate nonlinearity, because of its high accu-
racy and ease of implementation. In modeling ecosystem ser-
vices, accurately examining the long-term behavior of the sys-
tem is crucial. This includes maintaining key quantities, such as
total biomass or energy, and ensuring correct asymptotic behav-
ior. While NSFD methods are specifically built to respect these
conservation laws and asymptotic properties, RK4, although not
inherently focused on conservation, can still serve as a useful
baseline for comparison. It can be effectively combined with
conservation-focused methods like NSFD to improve the model-
ing process.

The main contributions of this study are:

« Formulating WES into an analytical model with control vari-
ables to assess ecosystem stock and flow dynamics, support-
ing natural capital accounting in sustainable city economies.
Three examples of WES (e.g., carbon sequestration, recre-
ation and water filtration) are used, while three management
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practices (e.g., reforestation, recreational infrastructure con-
servation and water conservation) were introduced as the
control variables.

« Applying conservation-focused numerical tools for
short-term precision (e.g., RK4) and long-term stability
(e.g., NSFD), ensuring accurate and stable results essential
for sustainable ecosystem governance.

« Analyzing resource management impact using the proposed
model and evaluating management practices (e.g., reforesta-
tion, recreational infrastructure conservation and water con-
servation). Results show that balanced resource allocation is
key to preventing ecosystem strain.

« Demonstrating adaptive policy management as a mecha-
nism to balance interventions in critical areas, allowing pol-
icymakers to adjust strategies for ecosystem resilience and
urban sustainability

The remaining parts of the article are organized as follows:
Section 2 introduces the formulation of the integer-order deriva-
tive model. Section 3 details the numerical modeling. Section 4
presents the numerical simulation results and discussion. Finally,
Section 5 concludes the work.

2 | Problem Formulation and WES Model

This section explains the integer-order derivative model in a sim-
ple form. Consider a woodland ecosystem that delivers multiple
ecosystem services, as illustrated in Figure la. These services
include biodiversity conservation, carbon sequestration (green-
house gas regulation), recreation and tourism, and water filtra-
tion. The WES model is developed to investigate the performance
of ecosystem stocks and flows within an economy. The model
is formulated as an integer-order dynamic system, which cap-
tures the time-evolving nature of these processes. We approach
the problem as a dynamic system, consisting of equations that
describe the natural processes governing the ecosystem. These
processes evolve over time and are central to understanding the
interaction between ecosystem services and their impact on envi-
ronmental and economic systems [29].

Using the parameter descriptions in Table 1 and the transfer dia-
gram in Figure 1b, this study presents the WES model as a system
of integer derivatives, governed by three primary variables:

« Biodiversity and Carbon Sequestration, that is, (Greenhouse
gas regulation) X (), sourced from remote sensing and car-
bon flux measurements, governed by intergovernmental

(a)
Ecosystem Service Maths Model Calculation of Benefits to
Ecosystem Asset Control Variables: Human Beings Monetary Value
* Reforestation Reduces climate change
* C ti f i
onserya lOItl (o} Ir?creases Agricultural £382 Billion by
Woodland recreational infrastructure yield N ber 2023
* Conservation of Water Healthy people ovember
* Recycling of wood in Creates jobs
Circular economy
Carbon Sequestration * Reduces climate
Recreat.lonaF Infrastructure change £382 Billion
Woodland Water Filtration * Increases November 2023
Air Filtration of Road traffic Agricultural yield
Erosion control * Healthy people
Ecosystem Asset Ecosystem Benefits to Human Monetary Value
Service Beings
P
(b)
nV (t)
v
w
nw(t)
6
FIGURE1 | (a)Proposed engineering data governance model for ecosystem services within the context of natural capital and sustainable cities,

using woodland as a case study. This model is inspired by the generalized natural capital logic chain outlined by Natural England [28], supported by

insights from the Office for National Statistics report and aligned with the defining characteristics established by the UK Government [5]. (b) Natural
Capital Asset Framework of the compartmental flow of resources in woodland ecosystem services.
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TABLE1 | Parameters and constants for woodland ecosystem model.
Parameter Description
@ The rate at which carbon stock increases or decreases naturally, without any external influence.
1) Effectiveness of reforestation efforts U (¢) on increasing carbon stock.
¢ Influence of climate change on carbon stock.
) Impact of water quality Z on carbon sequestration X (¢)
v Self-regulation coefficient for recreational value Y (¢). It represents the natural rate of change in recreational
value, considering factors like ecosystem attractiveness, biodiversity, and user experience. A positive value
indicates an increase in recreational value over time, while a negative value indicates a decrease.
T Control coefficient for recreational infrastructure development V'(¢) on recreational value Y (¢). It represents
the impact of investing in recreational infrastructure (like trails, facilities, or educational programs) on
enhancing the recreational experience and value.
w Interaction coefficient representing the effect of water quality Z(¢) on recreational value Y (). A positive value
indicates improved water quality enhances recreational value (e.g., clearer water attracts more users), while a
negative value indicates a negative impact (e.g., poor water quality deters users).
¢ External influence coefficient representing the impact of external factors on recreational value Y (7).
A Self-regulation coefficient for water quality Z (). It represents the natural rate of change in water quality,
considering factors like water cycles, natural filtration, and ecosystem balance. A positive value indicates
improvement in water quality over time, while a negative value indicates degradation.
n Control coefficient for water conservation efforts W (¢) on water quality Z (). It represents the effectiveness of
water conservation measures (like reducing pollution or implementing efficient water use practices) in
improving water quality.
0 Interaction coefficient representing the effect of carbon stock X(f) on water quality Z(r). A positive value
indicates that increased carbon stock improves water quality (e.g., through natural filtration), while a negative
value indicates a negative impact (e.g., increased runoff).
) External influence coefficient representing the impact of external factors (like climate change, population
growth, or policy changes) on water quality Z ().
y Forest management intensity (e.g., reforestation rate)
K, Carrying capacity of the forest ecosystem
K, Threshold value for recreational activities
a Exponent representing the nonlinear effect of recreational activities on forest management
€ Recreational infrastructure development rate
K, Carrying capacity of recreational activities
K, Threshold value for forest ecosystem health
a, Exponent showing the nonlinear effect of forest ecosystem health on recreational infrastructure development
oy Exponents representing the nonlinear effects of forest ecosystem health on conservation efforts
ay, Exponents showing the nonlinear effects of forest ecosystem recreational activities on conservation efforts
c Conservation effort intensity

Carrying capacity of water filtration

panel on climate change (IPCC) compliance, Al-driven vali-
dation, and open climate research access;

the others, reinforcing the need for robust governance mecha-
nisms to ensure data integrity, interoperability, and secure access
within the Natural Capital Asset Framework (NCAF).

« Recreation and Tourism Y (¢), derived from visitor surveys

and geospatial tracking, ensuring general data protection
regulation (GDPR) compliance, data-sharing agreements,
and economic integration.

« Water Filtration Z(#), monitored via hydrological models
and IoT sensors, adhering to national water quality stan-
dards and restricted access policies.

The model parameters are outlined in Table 1. These constants
represent the complex relationships among ecosystem services,
their impacts on management practices, interactions, and exter-
nal factors. By estimating these parameters, we can gain a deeper
understanding of how the woodland ecosystem responds to var-
ious scenarios, thereby facilitating more informed and effective
decision-making.

The transfer diagram in Figure 1b illustrates the interdependen-
cies among these variables, where changes in one factor influence

From the compartmental model in Figure 1b, the ecosystem ser-
vices (i.e., flows—Dboth inflow (+) and outflow (—) of resources)
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derived from woodland as a natural capital asset (or stock) can be
expressed as follows:

ii_}t( = @X(@) +6U@) + YY) + pZ(t) — (0w + 0) X (1), (1a)
dy

i wY(@) + 72V(t) + wX(t) + pZ(t) — (£ + )Y (¢), (1b)
‘Z—f = AZ(t) + nW() + 0X(1) + oY (t) — (p + P) Z(1). (1c)

Let the initial boundary conditions be X(0) > 0,Y(0) > 0 and
Z(0) > 0. From the model Equations (1a-c), forest management
practices (e.g., reforestation, thinning) U (), recreational infras-
tructure conservation V(¢) and water conservation efforts (e.g.,
habitat protection, species management) W (f)represent the con-
trol variables when evaluating the performance of ecosystem
stock and flow in an economy. Here, we can define:

U(t)=y<1—%)<KL> 1, (2a)
1 2

Y X\
V(”:f(l‘z)(z) ’ @0

Z\( x\°/ v \*
W“):"(l‘z)(z) (z) ~ 2

By substituting Equations (2a-c) into Equations (1a-c), the WES
model in terms of the control variables can be rewritten as:

3t
d—X = qJX(t)+6y<1 - &) (&) + Y1) + pZ(t) — (0w + 0) X (1),

dt K, K,
(3a)
dv _ _Yw)(Xm)\® _
5 = YYo+ 7r£<1 X, ) < a ) + 0X(t) + PZ(1) — (C + 0)Y (1),
(3b)
az _ ZO\ [ XO\2 (Y \™
i AZ(t)+r]6<1 - TS> (?3> (Tz> +0X(t) + 0Y(t) — (p + ) Z(1).
(30)

The control variables U(¢), V' (r) and W (¢) represent the manage-
ment and conservation practices that impact the ecosystem ser-
vices. Clearly, as the control variables of the ecosystem services
model in Equations (2a-c) are nonlinear, the linear WES model
in Equations (1a-c), as an integer-order model, becomes nonlin-
ear in Equations (3a-c).

The compartmental model developed in Equations (3a-c) can be
applied to explore several other aspects of ecosystem services. For
instance, Equations (3a—-c) can help deepen understanding of the
link between ecosystem services and human well-being concern-
ing recreational infrastructure, such as parks, play centres, and
exercise facilities. The model in Equations (3a—c) can also be used
to assess intervention parameters that influence the relationship
between ecosystem services and the well-being of rural residents
in a specific community. Likewise, the model can predict biodi-
versity levels and the success of climate change interventions in
river basins, tropical regions, towns, and cities. Additionally, the
compartmental model in Equations (3a-c) can offer insights into
the roles of control variables on carbon capture, air and water
quality, recreational infrastructure, and the health status of a par-
ticular geographical area. Based on these broad areas of potential

applications of the model, electronic sensors, geospatial infor-
mation systems (GIS), and the data generated from them can be
approached using machine learning integrated into the study of
ecosystem services.

2.1 | Non-Negativity and Boundedness
of Solution

Since the study concerns natural resources, all components of
the solution to the differential equations must be non-negative
(i.e., positive or zero values). Similarly, because natural resources
are quantifiable and finite, the solution must remain within a
finite range rather than grow without bound. To analyze the
non-negativity and boundedness of the solution for the sys-
tem of differential equations provided, we need to demonstrate
that the solution X (¢), Y (¢), and Z(f), remain non-negative and
bounded for all 7 > 0, provided the initial conditions X (0), Y (0),
and Z(0) are non-negative, and certain conditions hold for the
parameters and control functions U (), V (r), and W (). From
Equations (3a-c) we can discuss the non-negativity, bounded-
ness and existence and uniqueness analyses.

2.1.1 | Non-Negativity Analysis

In this model, U(¢), Y (¢), and Z(¢) represent control-related vari-
ables corresponding respectively to reforestation or forest manage-
ment efforts, recreational activity intensity, and water filtration or
conservation practices. Each of these control variables is defined
within a biologically admissible set such that U(¢), Y (t), Z(¢) > 0
for all # > 0, since negative values (e.g., “negative reforestation
effort” or “negative water conservation”) are not meaningful in
ecological or policy terms. The coefficients 6, {, and p are posi-
tive parameters quantifying the effects of these controls on car-
bon sequestration dynamics and therefore, under the ecologi-
cal and control admissibility assumptions U (¢), Y (¢), Z(¢) > 0 and
6,¢, p > 0, the products 6U(t), { Y(¢), pZ(t) are non-negative.

Thus, to prove the non-negativity of the solutions X (¢), Y (r) and
Z (1), show that if X(0) > 0,Y(0) > 0and Z(0) > 0, then X(r) >
0,Y(¥) > 0and Z(t) > 0 for all ¢ > 0. Then, from Equation (1a)
we have

ax _ @eX() + sU@) + CY (1) + pZ(t) — (0 + )X (),

ar
> —(w+0OX(®). (42)
Solving (4b) gives
X() > X(0)exp(—(w + 0))t > 0. (4b)

This implies that X (¢) > 0, for all 7 > 0. The terms §U(¢), {Y(?)
and pZ(t) are non-negative, ensuring that the positive contribu-
tions to ‘Z—f will always be greater than or equal to the negative
term (w + 0) X (¢). Therefore, if X(0) > 0, then X (¢) > 0, for all
t > 0. Similarly, from Equation (1b), we obtain

dy

= VYO + 2V + oX(O) + $Z0) = € + )Y (@),

> —( +0)Y(@). (5a)
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If Y(0)>0 and given that zV(r),wX(t) and ¢pZ(r), are
non-negative, the equation ensures that Y (r) > 0OV ¢ > 0, thus:

Y(®) 2 Y(0)exp(—=(£ +0))t 2 0. (5b)

Finally, from Equation (1c), we get

C;—f = AZ(t) + nW(t) + 0X(1) + oY) — (p+ D) Z(2),

2=(p+PZ® (62)

Similarly, Z(¢) > 0 for all # > 0, provided that Z(0) > 0, thus we
obtain;
Z(t) =z Z(0)exp(—(p+ ¢)) 1 2 0. (6b)

2.1.2 | Boundedness Analysis

For boundedness, we need to show that X(¢), Y (¢),and Z(t) do
not grow indefinitely as ¢ increases. Therefore, let U(¢), V' (t),and
W (t) be bounded functions, and let X(¢),Y(¢r), and Z(¢) be
non-negative. The growth of X(¢) is limited by the negative
term (@ + 6) X (¢). Therefore, X (¢) is bounded if the sum of the
non-negative terms does not exceed the natural decay rate (o +
0 X(1).

Similarly, for , Y (¢) and Z(¢), the presence of the negative terms
€ +v)Y(@®) and (p+ ¢p)Z(t) will limit the growth of Y () and
Z (1), respectively, ensuring that both remain bounded. Given the
non-negative initial conditions X(0) > 0,Y(0) > 0 and Z(0) >0
the solutions X (), Y (¢), and Z(¢) of the system are non-negative
and bounded for non-negative initial conditions and bounded
control inputs. This ensures that the solutions are physically
meaningful in the context of WES.

2.1.3 | Existence and Uniqueness of the Model

To demonstrate the existence and uniqueness of the solution for
the system of differential equations in the WES model, we typ-
ically rely on the Picard-Lindelof theorem (also known as the
Cauchy-Lipschitz theorem) for ordinary differential equations
(ODEs). This theorem asserts that a system of differential
equations will have a unique solution if the following conditions
are satisfied:

« Continuity: The function defining the system must be con-
tinuous with respect to its variables and parameters. (The
right-hand side (RHS) of the differential equations should
be continuous);

Lipschitz Condition: The function defining the system must
satisfy a Lipschitz condition in the dependent variable,
ensuring that changes in the solution are proportional to
changes in the initial conditions. That is, the RHS of the dif-
ferential equations should satisfy a Lipschitz condition with
respect to the dependent variables.

These conditions guarantee that for any given initial condition, a
unique solution exists to the system of differential equations in a
neighbourhood around the initial condition.

Considering Equations (4a), (5a) and (6a), we rewrite the system
of equations in the standard form for ODEs:
doQ

T F@, Q). @)

where Q(@t) = [X() Y(¢) Z(#)]T. The function F(z, Q) is a linear
combination of the variables X (¢), Y(¢) and Z(¢), with coeffi-
cients that are continuous functions of time 7. Therefore, F(z, Q)
is continuous with respect to both ¢ and Q. To satisfy the Lip-
schitz condition, we check whether there exists a constant L >
Osuch that:

|F(t.01) = F(r.00)| < i@, - 2, (8)

for any two vectors Q,,0, € R®. Given the linear nature of
F(1,0), the difference F(1,Q,) — F(1,Q,) will yield a linear
expression in the differences X, — X,,Y; -Y, and Z, — Z,.
Therefore, a Lipschitz constant L can be determined from
the maximum of the absolute values of the coefficients ¢,
8,8, p,w,0,w,m,¢,¢,0,A,n (and potentially other coefficients
involved), ensuring that the Lipschitz condition is satisfied.
Since, F(t, Q) is continuous and satisfies the Lipschitz condition,
the system of differential equations has a unique solution that
exists on some interval containing the initial time ¢,, accord-
ing to the Picard-Lindeldf theorem. This confirms the exis-
tence and uniqueness of the solution for the given system of
equations under the stated assumptions. Since smart city gover-
nance with emerging technologies could provide solid implemen-
tation framework to optimize the management and integration of
ecosystem services within urban environments, in Section 2, we
shall introduce two finite difference (FD) methods to solve the
system model in Equations (1a-c).

We now extended the existence/uniqueness discussion to address
the more complex, nonlinear form of the final model with con-
trol variables substituted (Equations 3a-c), which is the model
actually simulated. Write the right-hand side vector field as
F(X,Y,Z)= (F,F, F3)T. Let the Jacobian J(X,Y, Z) = (%)
and computing the partial derivatives symbolically we have

of ok of
X dY 0dZ
JIX,Y,Z)=|% 9 o
X dY 0Z
oF, OF, OF,

X dY 0Z

where
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oF, 1/ x\*/ v \*
S = A-po—| = ) - )
iz =1 (%) (%) -oro

All entries are elementary algebraic expressions of X,Y, Z and
the (positive) parameters. For continuity and boundedness of
Jacobian on a biologically admissible compact set, we let the bio-
logically admissible compact domain be

D={(X.Y,Z):0<X<X,0<Y<Y 0<Z<Z}
where a natural choice is X = K,,Y = K,, Z = K; On D:

« Every entry of the Jacobian is continuous (composition
of continuous functions) whenever the power functions
(-)%lare well defined and finite on D.

« Ifeach exponent satisfies a; > 1(so the derivatives a(X )% tor
(Y)%~! remain bounded on D, including at zero), then each
partial derivative is bounded on D. Hence, the Jacobian is
bounded and continuous on the compact set D. By standard
results, a bounded continuous Jacobian = Fis Lipschitz on
D. Therefore, a global Lipschitz constant L exists:

3

L = maximise
X.y.2)eD &

F.
— (n=X,Y,Zandi=1,2,3).
on

Under the biologically admissible compact set D and the
assumption that a; > 1for all i, state variables remain bounded
away from zero, the Jacobian is continuous and bounded on D,
hence Fis Lipschitz on D. Therefore, for initial data in D, the non-
linear system (Equations 3a—c) admits a unique solution.

3 | Numerical Modeling

In this subsection, the RK4 and NSFD schemes are employed to
computationally fix model Equations (1a-c). In Section 4, we will
compare the results obtained from the NSFD method with those
derived from the standard RK4 method, using the MATLAB com-
putational engine.

31 | Runge-Kutta Method of Order 4

Here, we shall develop the RK4-FD scheme for model
Equations (1a-c), thus:

XVI Yﬂ “
Xy =Xy = hloX, +57(1= 22 ) (&) +V+0Z, - @+0)X,].

1 K,
(92)
Yn Xn az
Y1 - Y, =hlyY, +7e(1- — || = +oX,+¢Z, - +0)Y,|.
K, )\ K,
(9b)
Z, Z, =h|AZ 1 Zy Xy “ Y " 60X, Y, Z
w1 = Ly = n+’10-( _K_5><K_3> (K_2> +0X,+0Y, - (p+P)Z,|.
(%)

Equations (9a-c) can be rewritten as:

X Y, \“
Xon =X, +h[(ﬂxn +57(1— —"><—"> +¢Y, +pZ, _(w+6)Xn:|’
Kl KZ
(10a)

Yau=Y, +h[u/Y,, +7:e<1 - £><ﬁ> ' +owX,+¢Z, —(C+u)YW],
K, K,
(10b)

Zy =2, +h[AZ,, +l10'<1 _ ﬁ) <ﬁ>a3 (i)“4 +OX, + 0, — (p+¢)Z,,].
KS K3 KZ
(10c)
Finding X,,,,Y,,, and Z,, requires four intermediate calcula-
tions as shown in Section A.1 of the Appendix A.

3.2 | Non-Standard Finite Difference Scheme

(NSFD)

We design the NSFD scheme to replicate the dynamics of the
continuous model system Equations (1a-c). The NSFD scheme,
introduced by Mickens in 1989 [30], has since become widely
adopted for solving systems of differential equations in fields such
as mathematical biology and other related disciplines [31]. This
method has proven superior in preserving passivity [32, 33], com-
pared to other well-known numerical methods for state-variable
systems. The NSFD scheme ensures dynamic consistency and
numerical stability, even when using irregular step lengths. The
formulation of model Equations (1a-c) is based on the principles
established by Mickens.

X, -X X Y, \*
M=¢Xn+l+5y<l— "*1)<—"> +¢Y, 4 pZ, — (@+ )X 1,

h K, K,
(11a)
Yn+1_Yn_ Y 1 Yn+1 X, “ X VA Y
— —ll/n+1+”5< —74><73> toX,+¢Z, - (C+o)Y,,,
(11b)
Zn+1 — Zn _ Zn+1 X, @ Y, “
2 cazaen(1-22) () () +ox
+oY, —(p+ P Z,,;. (11¢)
These NSFD equations of the WES can be rewritten as:
v, \“
X, +h6y(K—”> +hCY, +hpZ,
Xy = - ZY - , (122)
L+hsr(£)(3#) +h@+6) - he
x, \*
Y, +hng<K—"> +hoX, +hpZ,
n+l = 1 3X a i (12b)
1+h”6(a><1<_3> + h(¢ +0v) —hy
X\ (v, \%
Z,+ hr]a(;") (;) +héX, + hoy,
> 2 (12¢)

To obtain success in NSFD, Equations (12a-c) should be sequen-
tially computed since the value of X, will be applied in calcu-
lating Y, ; which in turn is then used in computing Z,,,. The
process is repeated until we finally approach the time of interest.
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3.3 | Convergence Analysis of the NSFD Scheme
The NSFD scheme converges to the equilibrium point when the
absolute value of the eigenvalues is less than one. In this sub-
section, we will examine the convergence of the proposed NSFD
scheme using the following methods:

X+ hay(%)al +hEY + hpZ

= m s (13a)
1+h5y(Kil)(Klz>l+h(w+9)—h(p
. Y + hﬂs(%)az + hoX + h¢pZ ’ 136)
L hre( £ )(£)" +he+0) -
oo Z+h;10'( ) (KL> + hoX + hoY 139

() (2] (2] -

For simplification, we let a; = a, = @; = a, = 1, and then obtain
the following:

X+h5y(K1)+th+hpz

A= 2 , (14a)
1+h5y< )(Klz>+h(w+9)—

o Y+hne(%>+hwx+h¢z | an
1+h7z’£< ><%>+h(§+v) hy

. Z+hr/6( )( >+h6X+huY e

o () () (%) + o+ 9 -

The partial derivatives of A, B and C with respectto X,Y and Z,
respectively, are shown in Appendix A.5.

3.4 | Stability Analysis of the Model
For the stability analysis of the given system of equations, we will
focus on the equilibrium points and determine the conditions
under which the system remains stable. This involves examining
the eigenvalues of the Jacobian matrix of Equations (1a—c) at the
equilibrium points and assessing whether their absolute values
are less than one, indicating stability.
To find the equilibrium points, we set E ‘Z—Y = f = 0. Solving
the system for X*,Y*, Z* An equilibrium (X*, Y*, Z*) satisfies:
Xn+1=Xn=X ’Yn+1_Yn=Y*’Zn+1=Zn=Z* (15)
Linearise the system around the equilibrium point (X*,Y*, Z*).
The linearised system can be represented as:

AX AX

d

4 = J| ay|, 16

2| aY AY (16)
AZ AZ

subject to J(-), the Jacobian matrix evaluated at the equilibrium
point (X*, Y™, Z*) which can be rewritten as:

OA 0A 04
AX 0X oy oz Ay Ap A
_| oB oB oB | _
JAY | = °X ar a7 | = | Ba B By | 17)
AZ 9C oC oC C51 G5, Cy3
0X Y oz

subject to A, B and C, the right-hand sides of Equations (1a-c)
and the matrix elements are determined as shown in Section 5.

3.5 | Eigenvalue Analysis

The eigenvalues of the Jacobian matrix, J, are used to determine
the stability of the equilibrium point. The characteristic equation
for the eigenvalues Aof the Jacobian matrix J is given by:

| J —AL|=0, (18)

subject to I, the identity matrix. From the determinant of model
in (1), the characteristic equation can be found as:

(Au - A) A12 A13
By  (By—4) By |=0, (19a)
C31 C32 (C33 - j')

2= (A + By + Cyy) A2

+ (AuBzz + A1 Ca3 + By Gy — Ay By — A3C5 — 1‘3236‘32))b
+ A BysCap + A By Gz + A3 By Gy — Ay By Gy

— A By Cy3 — A3 By G5, = 0. (19b)

To find the eigenvalues of a third-degree polynomial used in a
finite difference scheme’s stability analysis, we form the char-
acteristic equation of the system’s matrix, then solve this cubic
polynomial for its roots, which are the eigenvalues. For complex
cubic polynomials, the most practical method is to use a numeri-
cal solver in software like MATLAB. For stability, all eigenvalues
must satisfy the condition that their magnitude is less than or
equal to 1 (or some other threshold depending on the scheme
and norms used). The spectral radius Z(J) is the largest abso-
lute value of a matrix’s eigenvalues. It’s computed by finding
all eigenvalues of the matrix and then taking the maximum of
their absolute values. For a NSFD scheme, the spectral radius is
applied to the Jacobian matrix of the discrete system. If Z(J) < 1,
the NSFD scheme is considered stable, meaning the numerical
solution will not grow unbounded over time. Thus, we solve the
characteristic equation for the stability of the eigenvalues 4,, 4,
and 4. The specific conditions for stability will depend on the ¢,
5,8, p,w,0,w, 7, ¢, ¢, v, A and n parameters and the control vari-
ables (U,V and W).

Observe that the spectral radius of the Jacobian matrix J for
each time step “A” such that 0 < 4 < 1000, as shown in Figure 2,
remains less than unity for each time step. The spectral radius of a
matrix is the largest absolute value of its eigenvalues. For the Jaco-
bian matrix J, which represents the linearisation of the system of
equations around an equilibrium point, the spectral radius is a
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key factor in determining the stability of the numerical method.
Since the analysis is done for different time steps 4 within the
range 0 < A& < 1000, then the time step & controls the discretisa-
tion of time.

The spectral radius in Figure 2 gives an insight into the behavior
of 4;,i <3 and the information of whether J is stable or not. If
R(J) is the spectral radius of J based on 4,, then

9?(])=mal)éiiISI}lise{Mll,-",MM}' (20)

If #(J) < 1, then the system is stable, otherwise unstable. Thus,
the spectral radius is fundamentally tied to the eigenvalues of a
matrix, providing insights into the behavior of the matrix in itera-
tive processes and stability. As shown in Figure 2, Z (J) < 1indi-
cates that all eigenvalues of the Jacobian matrix J lie within the
unit circle of radius 1 centred at the origin in the complex plane.
This is a necessary condition for the stability of the NSFD scheme.
Therefore, since the spectral radius of the Jacobian matrix is less
than one for each time step, it implies that the NSFD scheme is
convergent.

In other words, the numerical solution will approach the
true solution as the time step progresses without becoming
unbounded or oscillating unstably. By performing this stability
analysis at the equilibrium state of the WES model, we confirm
that the numerical scheme will accurately simulate the behaviour
of the WES system near this equilibrium.

4 | Simulation Results and Discussions

To evaluate the performance of the proposed WES model
described in Equations (3a-c), we implement two numerical

Sp$ctral Radius for Woodland Ecosystem Service for Equilibrium Point
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FIGURE 2 | Spectral radius for the woodland ecosystem equilibrium
point.

schemes using parameter values outlined in Table 2a and ini-
tial values X(0) = 5.5, Y(0) = 20000 and Z(0) = 2.74; NSFD
and RK4. The initial values used in our simulations, X(0) =
5.5, Y(0) = 20,000, and Z(0) = 2.74Z, were chosen as baseline
assumptions to test the model’s feasibility and stability rather
than as direct field data. For carbon sequestration, 5.5 repre-
sents a sequestration index consistent with reported rates of
4.5 — 40.7 tCO, /ha/year in European forests [34]. The assumed
20,000 visitors reflect annual recreation levels within the pre-
dicted range of 15,000 — 24,000visits/ha/year [35, 36]. For water
filtration, the baseline 2.74 aligns with mid-range Water Quality
Index values observed in moderately impacted European rivers
[36], with future calibration planned using local field data. The
simulations were executed on optimized AWS EC2 instances (C5
series), using MATLAB 2025b, configured for high performance
numerical simulation. We employed the NSFD method and RK4
scheme to solve the model equations. Their performance is com-
pared using the parameter values from Table 2a. The evaluation
of the proposed WES model was conducted under three distinct
control regimes: high, moderate and low, with their respective
control parameters summarized in Table 2b.

The wide variation observed in parameters such as §, z, and
n across the high, medium, and low scenarios (Tables 2a and
2b) reflects the use of extreme but ecologically plausible ranges
to evaluate the robustness of the model. Ecological systems
are inherently nonlinear and regime-dependent, where dissi-
pation rates, productivity indices, and efficiency coefficients
can vary by several orders of magnitude depending on dis-
turbance levels, nutrient availability, or land-use intensity. For
instance, sensitivity analyses of ecosystem productivity mod-
els have shown that parameters linked to respiration, biomass
allocation, and turnover can dominate system dynamics and
shift considerably under different environmental conditions [37,
38]. Similarly, cross-site comparisons of carbon cycle models
demonstrate that parameter values often require scaling to cap-
ture ecosystem responses across contrasting climatic and stress
regimes [39, 40].

The NSFD method was adopted to address the nonlinear-
ity problems of the WES model without compromising sta-
bility. WES follows conservation laws, and the NSFD method
is particularly well-suited for long-term studies that uphold
these laws. In contrast, while RK4 offers high accuracy in
the short term, it is not well-suited for nonlinear systems and
may not consistently preserve the conservation properties of
WES. For this reason, RK4 serves as a reference baseline in
this study to assess the conservation performance of the NSFD
method. A limitation of this study is the use of fixed parame-
ter values for simulation. Future researchers may adjust these
parameters based on the specific country or community being
investigated.

TABLE 2a | Performance evaluation parameter values for the WES.
Parameters @ X10™* 6x107° ¢x10™* px10™* wx103 7 w0x102 ¢ Ax102 px103 Ox1077 ox10~*
High 274 5480 548 13.7 2 2 5 0.2 30 500 825 275
Moderate 274 5.48 548 137 2 1 5 0.2 30 5 825 275
Low 2.74 0.548 548 137 2 0.1 5 0.2 0.3 0.005 825 275
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TABLE2b | Control parameter values for the WES.

Parameters Y K, K, K, K, K, o a, oy a, £ c

High 0.0275 130.9 450 130.9 450 505 1 1 1 1 0.075 0.053
Moderate 0.0275 130.9 450 130.9 450 505 1 1 1 1 0.075 0.053
Low 0.0275 130.9 450 130.9 450 505 1 1 1 1 75 0.053

Woodland Ecosystem Services (RK4 Method)

Woodland Ecosystem (NSFD Method)
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FIGURE3 | Dynamics of system model Equations (3a-c) with high control parameters § = 5.48 x 1072 (effectiveness of reforestation efforts), 7 =

2.0 (Control coefficient for recreational infrastructure development) and # = 0.5 (Control coefficient for water conservation efforts) using RK4 and

NSFD Schemes.

4.1 | WES Model Under High Control
Parameter Value (6 = 0.0548, r = 2 and n = 0.5)

Following Equations (3a-c) and control variables in
Equations (2a-c), the results presented in Figure 3 illustrate
the performance of the proposed WES under high reforesta-
tion effectiveness, recreational infrastructure development, and
water conservation efforts. This was evaluated using both the
RK4 and NSFD methods. Initially, both models show an increase
in recreation and water filtration services, followed by a decline
and eventual stabilization. This trend suggests that significant
investments in these areas lead to initial service improvements.
However, the subsequent decline may indicate diminishing
returns or the overextension of resources, which could strain the
ecosystem. The eventual stabilization points to the ecosystem’s
adjustment to a new equilibrium, where services are maintained
at a sustainable level. As observed, the strong overlap between
recreation and water filtration highlights their interdependence.
In the NSFD model, both services stabilize together, reflecting
how effective management promotes a balanced distribution
of resources. The RK4 model, on the other hand, highlights
the close relationship between carbon sequestration and water
filtration, suggesting that improvements in water quality and
carbon sequestration enhance soil and plant health. Despite the
lower values compared to water filtration, carbon sequestration
remains stable, signaling that the ecosystem prioritizes water
filtration and recreation. In the NSFD model, carbon sequestra-
tion consistently ranks lower, implying that water quality and
recreation are given more attention than carbon storage. This

outcome raises concerns about the need to reassess conserva-
tion priorities, especially if long-term carbon storage is a key
objective.

Figure 4a-c reveals that high effectiveness in reforestation, recre-
ational infrastructure, and water conservation leads to com-
plex interactions between ecosystem services. The differences
between RK4 and NSFD methods emphasize the importance
of using various modeling approaches to evaluate manage-
ment practices. The key takeaway is that enhancing one service
requires careful monitoring of others to ensure the ecosystem
remains balanced and sustainable.

The higher values for carbon sequestration, recreation, and water
filtration in the RK4 method compared to the NSFD method,
as shown in Figure 4a-c can be explained by differences in
how these numerical methods address the dynamics of the WES
model.

RK4, being a higher-order numerical method, provides greater
accuracy and precision in approximating differential equations.
It excels in predicting smooth and well-behaved systems, often
leading to higher variable estimates. The high accuracy of this
method can sometimes overestimate values, especially in com-
plex, nonlinear systems like ecosystems, where small fluctua-
tions or dynamics can amplify growth. In contrast, NSFD meth-
ods prioritize preserving the system’s qualitative features, such
as non-negativity and boundedness, but do so conservatively.
This approach can lead to lower carbon sequestration, recreation,
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FIGURE4 | (a)Dynamics of carbon sequestration (6 = 5.48 X 1072, 7 = 2.0 and n = 0.5 using RK4 and NSFD schemes). (b) Dynamics of recreation

(6 =5.48 x 1072, 7 = 2.0 and # = 0.5 using RK4 and NSFD schemes). (c) Dynamics of water filtration (§ = 5.48 x 1072, z = 2.0 and 5 = 0.5 using RK4

and NSFD schemes).

and water filtration estimates as it smooths out fluctuations that
might otherwise increase these values. While NSFD methods are
generally more stable for long-term simulations, their conser-
vative nature can result in less pronounced increases in these
variables. When control coefficients, representing reforestation,
recreational infrastructure, and water conservation efforts, are
high, the system’s sensitivity to changes increases. RK4’s preci-
sion captures these sensitivities, translating into higher values for
ecosystem services. NSFD methods, though responsive, provide a
more tempered response, resulting in less dramatic increases. In
other words, NSFD should be applied in the first instance, global
and long-term explorative investigation of ecosystem services of
any location while RK4 should be deployed for short-term and
detailed investigations of ecosystem services performances of the
sites.

The WES model likely involves nonlinear interactions among car-
bon sequestration, recreation, and water filtration. RK4’s accu-
racy in tracking these interactions can lead to higher peaks due to
its ability to capture positive feedback loops or synergistic effects.
Conversely, NSFD might dampen these interactions, leading to

lower but more stable values. RK4 often uses smaller time steps to
achieve its high accuracy, enabling it to capture rapid changes and
variations in the system, resulting in higher values for ecosystem
services. NSFD methods may use larger or variable time steps,
smoothing out rapid fluctuations and producing lower overall
values. The higher values in RK4 might suggest that the system
is nearing an upper limit or reflecting a more optimistic scenario
under given control efforts. These predictions, however, may be
more sensitive to initial conditions and parameter choices. The
lower values in NSFD likely represent a more cautious long-term
prediction, indicating a more sustainable outcome where the sys-
tem stabilizes without overshooting.

4.2 | WES Model Under Moderate Control
Parameter Value (6 =5.48x10>, x =1
andn =5x1073)

The analysis of Figure 5 illustrates the dynamics of a wood-
land ecosystem under moderate reforestation, recreational infras-
tructure development, and water conservation efforts over time
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NSFD schemes (¢ = 360).

(t=360). Using the RK4 and NSFD methods, the system’s behav-
ior shows slight variations, though both methods reveal how
moderate interventions enhance carbon sequestration, recre-
ation, and water filtration in a balanced way, preventing overuse
or degradation.

Recreation and water filtration both peak in response to these
moderate efforts, with recreation rising higher due to the imme-
diate impact of infrastructure improvements. After peaking, both
services decline, reflecting the ecosystem’s natural limits and
resource consumption patterns. In RK4, the intersection of recre-
ation and water filtration reveals critical moments where the
ecosystem’s capacity for water filtration aligns with recreational
use, highlighting the need to safeguard water quality as human
activity increases. Carbon sequestration, while increasing mod-
estly in both methods, stabilizes over time. This reflects the
slower and more gradual nature of carbon storage processes,
which are enhanced but not overstressed under moderate con-
trol values. These moderate interventions allow the ecosystem to
support multiple services without overwhelming any one area.

The intersections observed in RK4 demonstrate that the ecosys-
tem efficiently manages resources, with different services becom-
ing dominant at different times. This balance prevents any sin-
gle service from overwhelming the system. For example, the
trade-offs between recreation and water filtration indicate that
while recreational infrastructure improves, it may impact water
quality. Effective management of these trade-offs is essential
to sustain both services and avoid compromising the ecosys-
tem’s health. Similarly, the intersection between water filtra-
tion and carbon sequestration underscores their interconnect-
edness. Healthy forests that sequester more carbon may also
improve water quality, but maintaining balance is crucial to pre-
vent any unintended effects. The simulation result highlights
the importance of adaptive management practices. Ecosystem
managers should regularly monitor and adjust interventions
to maintain balance among services [41]. Recognizing when
and where key intersections occur between services can guide

management actions, such as increasing water conservation
when recreational activities threaten to reduce water quality. Sta-
bilizing services, particularly carbon sequestration, is vital for the
long-term resilience of the ecosystem. By maintaining moderate
control values, the ecosystem can sustainably support diverse ser-
vices without risking long-term degradation.

Figure 6a-c illustrate how two numerical methods, the RK4
method and the NSFD method, handle the dynamics of a wood-
land ecosystem under moderate conditions, focusing on the
effectiveness of reforestation, recreational infrastructure develop-
ment, and water conservation efforts. These methods exhibit dis-
tinct behaviours in predicting Ess, especially when control coef-
ficients are set at moderate levels.

RK4, a higher-order and more precise method, is particularly
sensitive to initial conditions and moderate parameter changes.
This sensitivity enables RK4 to capture subtle positive feedback
loops, leading to potentially higher predictions for carbon seques-
tration. In contrast, NSFD tends to smooth out such dynamics,
providing a more conservative estimate of carbon sequestration.
As a result, RK4 might show a greater accumulation of carbon
stock over time compared to NSFD, which might underpredict
this accumulation due to its conservative nature. When assessing
the effectiveness of recreational infrastructure, RK4 might reflect
lower values because it captures small fluctuations or dampens
oscillations that can occur with moderate investments in recre-
ation. This damping effect results in lower overall recreational
values in RK4.

On the other hand, NSFD, which emphasizes stability and the
preservation of qualitative features, might not dampen these fluc-
tuations as much, leading to a higher estimate of recreational
value. NSFD allows for a more gradual and sustained increase
in recreational benefits, providing a different perspective on the
impact of moderate infrastructure development. RK4 also high-
lights the more prominent interaction between recreation and
other variables, such as carbon sequestration and water filtration.
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FIGURE 6 | (a) Dynamics of carbon sequestration (6 = 5.48 x 107, 7 = 1.0 and 5 = 5 x 107> using RK4 and NSFD schemes). (b) Dynamics of
recreation (§ = 548 X 107>, 7 = 1.0 and 5 = 5 x 107> using RK4 and NSFD schemes). (c) Dynamics of water filtration (§ = 5.48 x 107>, z = 1.0 and

n = 5x 1073 using RK4 and NSFD schemes).

If moderate control values lead to competition between these
services, RK4 might reflect this competition more accurately,
showing a lower recreation value for urban communities.

In contrast, NSFD might handle these interactions more
smoothly, resulting in a higher recreation value as it balances the
trade-offs between different ecosystem services. Water filtration
appears to be less sensitive to moderate changes in control coef-
ficients compared to carbon sequestration and recreation.

Consequently, both RK4 and NSFD methods may predict sim-
ilar outcomes for water filtration under moderate effectiveness
values. The stability and linearity of the factors influencing
water filtration could lead to convergence in the predictions of
both methods, as the natural capacity of the ecosystem to filter
water remains relatively constant. Under moderate control coef-
ficients, the system’s response tends to be more linear and less
extreme, which can reduce the differences between numerical
methods. While RK4 might show slightly higher or lower values
depending on how it handles dynamic responses, NSFD tends to
produce more consistent results across different levels of control

effectiveness. Overall, the differences between RK4 and NSFD
are more pronounced for services like carbon sequestration and
recreation, while they converge for more stable services like water
filtration.

4.3 | WES Model Under Low Control Parameter
Value (6 =548 x 108, 7 = 0.1 and 7 = 5 X 1079)

When the effectiveness of reforestation efforts, recreational
infrastructure development, and water conservation measures
are set to very low values, the dynamics of the woodland ecosys-
tem change significantly, as displayed in Figure 7 with ¢ = 100
and 360 and also in Figure 8. This leads to the observed behav-
iors in water filtration, carbon sequestration, and recreation in
the NSFD and RK4 methods.

Figure 7 shows that low reforestation results in a minimal
increase in carbon stock. Trees and other vegetation, which are
primary agents of carbon sequestration, grow slowly or not at
all. As a result, carbon sequestration increases only slightly at
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RK4 and NSFD schemes.

first, as existing vegetation still sequesters some carbon, but with-
out sufficient reforestation, this service cannot sustain itself and
begins to decline, eventually stabilizing near zero. When the con-
trol coefficient for recreational infrastructure is very low, it means
that investments in enhancing recreational facilities and experi-
ences are minimal. Recreation might initially start at a certain
level due to existing infrastructure, but with little to no new
investment, the quality and appeal of recreation decrease over
time. In the NSFD method, this decline starts from the initial
value, reflecting the lack of enhancement in recreational oppor-
tunities. Similarly, low effectiveness in water conservation efforts
means that the ecosystem’s ability to filter water is not signif-
icantly enhanced. Initially, the natural capacity of the ecosys-
tem to filter water might lead to a small increase in water filtra-
tion, but without additional conservation measures, this capac-
ity is quickly exhausted, leading to a decline and stabilization
near zero.

Figures 7b,c and 8 demonstrate the specific behaviors of the two
methods on carbon sequestration, recreation and water filtra-
tion in a woodland ecosystem. The NSFD method is designed to
preserve the qualitative behavior of the system, even under low
control effectiveness. This method tends to smooth out fluctua-
tions and avoid extreme changes, leading to a gradual decline in
all services. As carbon sequestration, water filtration, and recre-
ation decline, they eventually converge near zero, with water fil-
tration and carbon sequestration overlapping as they stabilize.
This overlap occurs because, at very low control effectiveness,
both services are equally minimal, and the method’s conserva-
tive nature causes them to follow similar trajectories. RK4, being
more sensitive to initial conditions and dynamic changes, cap-
tures the interaction between carbon sequestration and water fil-
tration more distinctly. It shows these services increasing slightly
and then overlapping as they decline and stabilize.
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However, RK4 also highlights that, due to the minimal impact of
low recreational investment, recreation may not follow the same
trajectory as carbon sequestration and water filtration, leading to
a situation where only carbon sequestration and water filtration
overlap. In the RK4 method, recreation does not overlap with car-
bon sequestration and water filtration because the method cap-
tures the independent decline of recreation more distinctly due to
the low control coefficient. Since recreational activities are often
more directly impacted by infrastructure and investment, the lack
of these enhancements leads to a separate and more pronounced
decline in recreation, while carbon sequestration and water fil-
tration driven more by natural processes follow a different, albeit
connected, path.

4.4 | Benefits of the Proposed Model

In Section 2, we developed an analytical model in
Equations (3a-c) for evaluating the WES that captures the
control parameters for adapting the model into specific loca-
tions. Multiregional studies can be explored by combining the
proposed compartmental model with the Leontief Input-Output
model presented in [23]. Based on Equations (3a-c) and the
control parameters in Equations (2a-c), natural capital accounts
for different national governments can be easily prepared. While
the lessons learned from one ecosystem services site might
inform useful study parameters for other sites, cross-site com-
parisons often imply that parameter values require scaling to
capture ecosystem responses across contrasting climatic and
stress regimes [39, 40]. As the UK continues to deepen its invest-
ment into natural capital accounting, new entrant countries
could scale their natural accounting systems based on the UK
framework. The WES model developed in this study provides a
platform on what parameters to look for in preparing WES and
capital accounts. Although the use of compartmental modelling
already exists in agriculture and chemical engineering, based on
the present study, compartmental modelling can be extended to
computer networks and electrical power systems where each of
the generators and loads can be modelled as compartments.

This study highlights the critical role of data-driven,
evidence-based policymaking in optimizing natural capital
management for sustainable urban development. For example,
Figures 3-8 demonstrate the strong link between smart city gov-
ernance and ecosystem services, emphasizing their importance
in driving innovative approaches to urban sustainability [42].
Aligned with the UK’s 2035 growth agenda and commitment to
a net-zero transition [43], our work argues that effective policy
must balance immediate ecological needs with long-term ben-
efits. Interventions in reforestation, recreational infrastructure,
and water conservation should support both environmental
sustainability and socioeconomic resilience. For example, some
UK water sites are being plagued by micro-particles, antifouling
chemicals and physical disturbances from recreational fiberglass
boats abandoned in the waterbodies reducing the physical flow,
recreational attraction, tourism and monetary value of UK water
bodies. The water pollution from these fiberglass boats heavily
impacts oysters, mussels, and other invertebrates responsible
for natural water filtration, nutrient cycling, water quality, and
maintaining water clarity. While recreational boats should not
be discouraged, environmental policies should be enacted to
balance using recreational boats (that meet specific environmen-
tal qualities) and preserving water quality and the ecosystems
services provided by freshwater. Our study therefore can be used
to evaluate the impacts of these specific control parameters for
short-term (using RK4 method) and long-term (using NSFD
method) on ecosystem services and natural capital accounting.

Given the problem of water pollution, as an example, this study
can be extended to investigate the roles of game theory as a
win-win approach to encouraging environmentally friendly prac-
tices for recreational boat users, tourists, and local communities
around rivers, lakes, and other waterbodies.

In this regard, AI and digital innovation are key enablers in
advancing smart social infrastructure and the UK’s natural capi-
tal strategy. Specifically:

« Reforestation increases carbon sequestration, supports cli-
mate regulation, and creates green jobs in agriculture and
forestry.

» Recreational infrastructure, including well-designed parks
and public green spaces, enhances physical and mental
health, strengthens social cohesion, and promotes equitable
urban living.

« Water conservation ensures sustainable clean water supply,
reduces health risks, and improves community resilience
against climate-related disruptions.

To ensure fair access and lasting impact, policymakers must pri-
oritize inclusivity in natural capital initiatives. Incorporating data
governance principles, such as data quality, security, and ethics,
strengthens environmental monitoring, predictive analytics, and
resource management. Model simulations in Section 4 show that
targeted adjustments in management parameters produce dis-
tinct ecosystem outcomes. For example, increasing § boosts car-
bon sequestration and water quality, supporting afforestation and
watershed protection policies. Raising = improves recreational
value but may reduce long-term ecosystem stability, indicating
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that recreation policies must balance human use with ecolog-
ical limits. Higher » enhances water filtration and indirectly
stabilizes other ecosystem services, highlighting the value of
integrated conservation strategies. These results provide com-
putational evidence that the most sustainable policy pathway
combines a coordinated increase in § and # with a regulated .
This approach optimizes multi-service ecosystem performance
and enables adaptive, transparent, and efficient policy imple-
mentation. Overall, the findings underscore the need for inte-
grated policies linking reforestation, sustainable infrastructure,
and water conservation to strengthen urban resilience. By embed-
ding natural capital ecosystem services into smart city gover-
nance frameworks, cities can improve environmental outcomes,
enhance human well-being, and secure a sustainable, liveable
future for generations.

4.5 | Discussion and Policy Implications

This study develops a WES model to support natural capi-
tal planning in sustainable cities by analyzing carbon seques-
tration, recreation, and water filtration using NSFD and RK4
numerical schemes. The results demonstrate that reforestation
intensity is the primary driver of long-term carbon sequestra-
tion in urban woodlands. Increasing the reforestation control
leads to higher equilibrium carbon stocks, indicating enhanced
long-term carbon storage and improved climate change mit-
igation potential. The RK4 method captures more rapid and
pronounced carbon accumulation due to its higher sensitivity
to dynamic changes and initial conditions, whereas the NSFD
method provides smoother, more conservative trajectories that
better reflect gradual ecosystem adaptation under long-term
management.

The control variables representing reforestation, recreational
infrastructure development, and water conservation effectively
quantify policy-driven interventions at high, moderate, and low
levels of effectiveness. Investment in recreational infrastruc-
ture produces sustained growth in the recreation state vari-
able, translating into improved accessibility, increased outdoor
participation, and wider social and public health benefits in
urban environments. Strong water conservation measures sig-
nificantly enhance water filtration capacity, leading to improved
water quality and overall ecosystem health. Over time, both
numerical methods converge in their predictions as water fil-
tration stabilises, highlighting the long-term sustainability of
these services once effective management practices are in place.
The variation in outcomes across different control levels has
clear policy relevance. High control effectiveness delivers strong
and lasting improvements across all ecosystem services, reflect-
ing robust and sustained policy commitment. Moderate effec-
tiveness results in steady, resilient growth that aligns with
practical resource constraints and long-term planning objec-
tives. In contrast, low effectiveness leads to minimal gains fol-
lowed by decline and stabilization at near-zero service lev-
els, indicating insufficient investment and weak policy enforce-
ment. From a policy perspective, these findings emphasize the
importance of coordinated woodland strategies that integrate
reforestation, sustainable recreational development, and water
conservation to maximize natural capital benefits in urban
settings.

4.6 | WES Model Limitations

There are some limitations that should be considered when inter-
preting the results in practice. First, the simulations employ fixed
parametric values, which is common in computational modeling.
However, ecosystem service dynamics vary across locations due
to site-specific ecological, climatic, and socio-economic condi-
tions. As such, users seeking to apply the model in other contexts
should undertake appropriate parameter calibration to reflect
local conditions. Second, the model is formulated using nonlinear
interactions with integer-order derivatives, which limits its abil-
ity to capture memory effects, time delays, and long-term depen-
dencies that are characteristic of many ecological processes. In
addition, uncertainty is not explicitly represented, as stochas-
tic components and sensitivity analyses were not incorporated.
Consequently, uncertainties arising from model inputs, sensor
measurements, and inherent ecosystem response variability are
outside the current scope. Finally, the governance and control
scenarios are conceptual and assume full effectiveness of pol-
icy interventions related to reforestation, recreation, and water
conservation. In real-world settings, such interventions are often
constrained by social, economic, institutional, and policy factors,
which may influence their actual impact on woodland ecosystem
services.

4.7 | Future Direction

Ongoing work aims to enhance scalability and real-world appli-
cability by extending the model’s structural, numerical, and pol-
icy relevance. Adaptive parameters will evolve with changing
ecological and socio-economic conditions, improving realism
and enabling robust scenario-based forecasting. Fractional-order
modeling is explored to capture memory effects and long-term
dependencies in woodland ecosystem processes. Monte Carlo
uncertainty and sensitivity analyses benchmark model sta-
bility under varying initial conditions and inputs. Further
developments include agent-based hybrid modeling to simu-
late human-environment interactions and governance-driven
land-use policies. Geographic Information System (GIS)-based
spatial integration captures heterogeneity and simulates ecosys-
tem services at finer, region-specific scales, validated against his-
torical intervention data. Optimal control techniques support
budget-constrained, multi-stakeholder decision-making, while
human-in-the-loop behavioral factors better represent partici-
pation in conservation and recreational activities. Extensions
also cover stochastic dynamics, networked system generaliza-
tions, and regime-switching formulations. These are contextual-
ized within relevant frameworks, including Input-Output Anal-
ysis, Game Theory, the Gene-Environment model, and Homog-
enization Theory. Overall, these efforts strengthen intersections
with existing studies and enhance the model’s applicability to
real-world urban woodland management and policy design.

5 | Conclusion

This study demonstrates the value of a quantitative WES model-
ing for evaluating woodland natural capital in sustainable cities.
By combining NSFD and RK4 numerical schemes, the model
captures both short-term ecosystem responses and long-term
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equilibrium behavior, offering complementary insights that
single-method approaches cannot. Strong reforestation policies
are shown to enhance carbon sequestration, while balanced
investment in recreational infrastructure and effective water con-
servation strengthens ecosystem services, public well-being, and
urban sustainability. Compared with existing approaches, this
model integrates multiple ecosystem services, policy-driven con-
trol variables, and numerical sensitivity, allowing more realistic,
adaptable, and scenario-based assessment of urban woodlands.
RK4 captures rapid ecosystem responses, while NSFD provides
stable long-term projections, together supporting more informed,
evidence-based decision-making. Future work will extend the
model to incorporate stochastic dynamics, networked ecosystem
interactions, regime-switching behavior, optimal control strate-
gies, and human behavioral effects, improving realism and appli-
cability. Overall, this approach provides policymakers with a
robust tool to optimize natural capital, enhance urban resilience,
and implement sustainable city strategies more effectively than
previous models.
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Appendix A

The Appendix A provides further information on how the models are
developed.

Steps for Determining X, ,,,Y,,,and Z, ,

Step I:

w

o1\
(n+%) A o, R,
X|———| +60 X,,+7 +0 Y,,+7 -+ Z,+— )|
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Step III: Partial Derivatives of A, B and C With Respectto X,Y and Z,
Respectively
A < ) (Xn+%) (Yn+%> 0A 1
P, =hle| X, + +oy|1— 5y
3 K, K, oX 1+h6y< )(Kl)+h(w+e)—h¢
hdy _ héy
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Absolute Difference Values

From Table Al, we can find that the largest absolute value difference
of the solution of X () in interval [0,100] is 2582.34, when t = 70, the
largest absolute value difference of the solution of Y (¢) in interval [0,100]
is 76548.40 when ¢ = 40, and the largest absolute value difference of the
solution of Z(¢) in interval [0,100] is 87287.77 when ¢ = 40. From the
data, we can conclude that the absolute value differences between the
two methods are large.

From Table A2, we can find that the largest absolute value difference
of the solution of X (¢) in interval [0,100] is 23496.96 when ¢ = 100, the
largest absolute value difference of the solution of Y (¢) in interval [0,100]
is 138323.99 when ¢ = 60, and the largest absolute value difference of the
solution of Z(¢) in interval [0,100] is 364523.25 when 7 = 60. From the
data, we can also conclude that the absolute value differences between
the two methods are large.

From Table A3, we can find that the largest absolute value difference
of the solution of X (¢) in the interval [0,100] is 225.76 when ¢ = 20, the
largest absolute value difference of the solution of Y (¢) in the interval
[0,100] is 93381.34 when ¢ = 10, and the largest absolute value difference

of the solution of Z(¢) in the interval [0,100] is 356.45 when ¢ = 10. From
the data, we can observe that the absolute value differences between the
two methods are large.

Tables A4 and A5 presents the percentage effectiveness of biodiversity
and carbon sequestration X (¢), recreation and tourism Y (¢), and water fil-
tration Z(¢) under the RK4 and NSFD numerical methods. We compute
the percentage effectiveness which is the relative numerical performance
index (E%), computed as the ratio of the numerical accuracy (measured
by error norm reduction and convergence stability) of each method to
the reference solution, expressed in percentage form W
100%. For example, for biodiversity and carbon sequestration (X(t)) under
RK4, the effectiveness was calculated as: % X 100 = 53.97%.
This was used to quantify how efficiently each scheme captures the sys-
tem dynamics across all variables. Under the RK4 method, effectiveness
levels reached 53.97% for X (t), 32.44% for Y (t), and 59.58% for Z(t), indi-
cating high reliability in modeling ecosystem services. The NSFD method
showed slightly superior performance, with 56.13% for X (), 70.61% for
Y (1), and 40.29% for Z(¢), reflecting its strength in handling nonlin-
ear dynamics with greater stability. Across all variables, both methods
demonstrated near-optimal effectiveness, that is, 55.68% for NSFD and
48.66% for RK4, with NSFD offering marginally higher precision. These
results underscore the robustness of both schemes in simulating ecolog-
ical outcomes, with NSFD emerging as the more accurate technique for
sustainability modeling.

For the sensitivity analysis of Equations (3a-c) using the three control
parameters 6, 7 and n,we use the partial derivatives of the right-hand
sides w.r.t. the controls and obtain the following:

(1 X)X\
L=r(-2)(%)
0 (1 X)X
or K J\Kk, ) °

€
#eafi- )2V (B
on Ks J\ K, K,

TABLE A1 | The solutions and differences from NSFD and RK4 methods (High).

Time (t) X(t) NSFD X(t) RK4 abs dif X(t) Y(t) NSFD Y(t) RK4 abs dif Y(t) Z(t) NSFD Z(t) RK4 abs dif Z(t)
100 12421.94 14045.64 1623.70 49119.22 55033.62 5914.40 24537.10 15575.23 8961.87
90 12377.80 14264.53 1886.73 24606.42 53622.13 29015.71 48190.06 15044.71 33145.35
80 12412.75 14607.08 2194.33 23713.72 53368.53 29654.81 46271.56 13980.93 32290.63
70 12570.80 14995.14 2582.34 21600.10 56831.62 35231.52 45772.51 12672.09 32599.42
60 12665.99 15120.08 2454.09 19683.27 67827.02 48143.75 52716.66 11627.57 41089.09
50 11971.31 14331.02 2359.71 22504.39 90903.42 68399.03 75954.79 12126.66 63828.13
40 9122.87 11648.69 2525.82 46320.10 122868.50 76548.40 107842.22 20554.45 87287.77
30 4517.87 6626.20 2108.33 64928.28 114685.81 49756.72 77952.98 53702.05 24250.93
20 1804.46 2624.84 820.38 27020.17 49249.07 22228.90 29465.97 33266.95 3800.98
10 799.28 992.22 192.94 7424.56 21406.60 13982.04 14155.84 8785.09 5370.75
TABLE A2 | The solutions and differences from NSFD and RK4 methods (moderate).
Time (t) X(t) NSFD X(t) RK4 abs dif X(t) Y(t) NSFD Y(t) RK4 abs dif Y(t) Z(t) NSFD Z(t) RK4 abs dif Z(t)
100 167263.78 190760.42 23496.69 139474.39 225811.64 86337.25 355640.72 258119.73 97520.99
90 166862.33 185312.52 18450.19 133689.47 233423.65 99734.18 360758.43 260697.57 1000060.86
80 166244.22 177745.81 11501.59 128369.08 244097.66 120728.58 396816.62 262222.18 134594.44
70 161400.68 166010.93 4610.25 139780.46 271003.03 131222.57 498616.22 264031.12 234585.10
60 140824.07 148512.03 7687.96 227656.94 365980.13 138323.99 653489.59 288966.34 364523.25
50 88172.12 108046.16 19874.04 390268.65 515755.12 125486.47 574997.95 379704.04 195293.91
40 34144.30 50325.11 16180.81 226083.60 373640.54 147556.94 248768.14 301582.67 52814.53
30 11282.76 16487.64 5204.88 58136.20 143911.19 85774.99 83603.98 111000.68 27396.70
20 3661.30 4988.55 1327.25 24519.78 48269.82 23750.04 28502.0.85 32775.34 4252.49
10 1158.80 1397.31 238.51 6971.12 21280.19 14509.07 1487.06 8320.05 6832.99
Engineering Reports, 2026 21 0of 23

85U80|7 SUOWWOD 3A 81D 3(cedljdde aup Aq peusenob ase e YO ‘88N JO s8Nl 10} ArIqiT8UIUO 8|1 UO (SUOPUCD-pUR-SLUBILI0D" A8 1M Ae1q 1jBul [UO//SANY) SUOIPUOD pue swie | 84y 885 *[920z/70/20] U0 Areigiaulluo A8 |1 eseuoiyD JO A1seAIUN Ad ZE£0L ZBUB/Z00T OT/I0p/W0d A8 ImAteIq Ul Uo//:Sdny Wolj pepeojumod ‘v ‘9202 ‘96T8LLSZ



TABLE A3 | The solutions and differences from NSFD and RK4 methods (low).
Time (t) X(t) NSFD X(t) RK4 abs dif X(t) Y(t) NSFD Y(t) RK4 abs dif Y(t) Z(t) NSFD Z(t) RK4 abs dif Z(t)
100 40.48 116.84 76.36 92.46 562.74 470.28 13.81 75.52 61.71
90 56.24 137.60 81.36 120.07 595.38 475.31 17.98 80.37 62.39
80 79.30 167.62 88.32 156.37 636.34 479.97 23.52 86.73 63.19
70 112.74 213.03 100.29. 204.79 693.73 488.94 31.06 96.20 65.14
60 163.26 280.79 117.53 272.59 781.04 516.45 42.44 111.88 69.44
50 237.25 380.78 143.53 377.19 931.57 554.38 62.07 141.96 79.89
40 343.05 520.08 177.03 566.52 1225.19 658.67 104.14 207.94 103.80
30 489.12 702.34 213.22 992.26 1928.00 935.74 213.34 378.74 165.40
20 644.10 869.86 225.76 226.87 3930.05 3703.18 525.23 820.57 295.34
10 645.92 782.35 136.43 6705.25 10086.59 3381.34 1199.74 1556.19 356.45
TABLE A4 | Percentage effectiveness in biodiversity and carbon sequestration that is, (Greenhouse gas regulation) X (¢), recreation and tourism
Y (¢), and water filtration Z(7) under RK4 and NSFD methods.
X(t) RK4 X(t) RK4 %Effectiveness Y(t) RK4 Y(t) RK4 % Effectiveness Z(t) RK4 Z(t) RK4 %Effectiveness
low high X(t) low high Y(t) low high Z(t)
99523.6 216205.2 53.97 126233.7 186852.9 32.44 114518.3 283297.5 59.58
X(t) NSFD X(t) NSFD % Effectiveness Y(t) NSFD  Y(t) NSFD  %Effectiveness Z(t) NSFD Z(t) NSFD % Effectiveness
low high X(t) low high Y(t) low high Z(t)
74694.5 170258.4 56.13 104857.2 356726.3 70.61 83185.7 139312.2 40.29
TABLE A5 | Normalized instantaneous sensitivity indices at X (¢), Y (¢), and Z(¢)with respect to control parameters 6, # and .
t Method X Y VA S‘;" S}[’ Sﬂz
100 NSFD 12421.94 49119.22 24537.10 —0.001243 —0.000006 —0.000107
100 RK4 14045.64 55033.62 15575.23 —0.001395 —0.000005 —0.001702
920 NSFD 12377.80 24606.42 48190.06 —0.000623 —0.000044 —0.001434
920 RK4 14264.53 53622.13 15044.71 —0.001359 —0.000005 —0.002583
80 NSFD 12412.75 23713.72 46271.56 —0.000600 —0.000047 —0.001333
80 RK4 14607.08 53368.53 13980.93 —0.001353 —0.000005 —0.002778
70 NSFD 12570.80 21600.10 45772.51 —0.000547 —0.000051 —0.001176
70 RK4 14995.14 56831.62 12672.09 —0.001441 —0.000004 —0.003862
60 NSFD 12665.99 19683.27 52716.66 —0.000498 —0.000057 —0.000896
60 RK4 15120.08 67827.02 11627.57 —0.001720 —0.000003 —0.004880
50 NSFD 11971.31 22504.39 75954.79 —0.000569 —0.000036 —0.000326
50 RK4 14331.02 90903.42 12126.66 —0.002304 —0.000003 —0.003409
40 NSFD 9122.87 46320.10 107842.22 —0.001168 —0.000011 —0.000228
40 RK4 11648.69 122868.50 20554.45 —0.003108 —0.000005 —0.005073
30 NSFD 4517.87 64928.28 77952.98 —0.001613 —0.000010 —0.000373
30 RK4 6626.20 114685.81 53702.05 —0.002083 —0.000006 —0.002281
20 NSFD 1804.46 27020.17 29465.97 —0.003542 —0.000101 —0.000177
20 RK4 2624.84 49249.07 33266.95 —0.002412 —0.000056 —0.000157
10 NSFD 799.28 7424.56 14155.84 —0.007655 —0.000277 —0.000185
10 RK4 992.22 21406.60 8785.09 —0.004579 —0.000013 —0.002008

We then formed normalized instantaneous sensitivity indices at the state
X(@),Y(t),and Z(t)by

af;
w2 i
Sf)———

5 where » = 6, r, 1.
n or

|(X,Y,Z) ’

The sensitivities vary substantially over time and differ between NSFD
and RK4 because the state values X, Y, Z(which appear nonlinearly in
the partial derivatives) are different for the two schemes. S;X is generally

small and negative here (because 1 — Kilbecomes negative when X > K,
making % negative), indicating that at many time points increasing §
would reduce the instantaneous growth of X (saturation). S®is tiny (close
to zero) in many rows because %scales the partial and Y is large. In some
NSFD rows where Y is smaller, magnitude increases. S{%)varies and is
often larger in magnitude for RK4 than NSFD at matching times due to
differences in X, Y, Z—this helps explain why RK4 showed stronger “sen-
sitivity” qualitatively.
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FIGURE A1 | Numerical simulation of the stability analysis of the
RK4 and NSFD methods.

The stability analysis of the RK4 and NSFD methods under the high
parameter set (Figure Al) shows that both methods remain below
the unity stability threshold for most of the simulation, confirming
numerical stability. At the beginning, both slightly exceed the threshold
(~1.001-1.002), indicating mild numerical amplification but not insta-
bility. This deviation reflects the sensitivity of the Jacobian eigenvalues
under high parameter influence. The NSFD method shows smoother
damping and better control than RK4. Overall, both methods are stable
for h = 0.02, with NSFD exhibiting superior robustness.

Local Error Estimate for High and Low Scenario

Using RK4 as the reference, we have the pointwise error as NSFD — RK4.
Then, the internal step is 42 = 0.02 and the sampling interval between
reported points is AT, = 10. Therefore, we have the number of inter-
nal steps between samples as

AT,

sample
Niyeps = ——— = 500.

The per-step local error estimate is computed as the average error accu-
mulated per internal step over the sample interval:

- Qnsrp() = Qreu() err, (1)
v N, T 500

steps

The analysis of the low parameter scenario in Table A6 reveals that both
the RK4 and NSFD schemes maintain numerical stability throughout the
simulation period, although their local error magnitudes differ slightly.
The error estimates for the state variables X (¢), Y (¢), and Z(¢) remain rel-
atively small, with gradual changes over time. The per-step local errors
(ry, 7y, T,) are all within manageable ranges, suggesting that the sys-
tem’s response is smooth and well-conditioned under low parameter
influence. Specifically, X (r) and Z(r) exhibit slower error growth, while
Y (1) shows slightly higher deviations, reflecting its stronger sensitivity to
parameter variations and interaction effects. As time progresses, a mild
increase in numerical deviation is noticed due to the accumulation of
local truncation errors inherent in both schemes. However, the NSFD
method produces more stable and closely bound error patterns compared
to RK4. This is evident from its consistent underestimation trend and
smaller per-step deviations. This outcome highlights the effectiveness
of the NSFD scheme in preserving boundedness and stability even with
longer time integration, confirming its advantage for systems character-
ized by slow nonlinear interactions or weak feedback dynamics.

Conversely, the high parameter scenario in Table A7 demonstrates a
more complex and amplified error structure, mainly due to the system’s
stronger nonlinear coupling and parameter intensities. In this regime,
the magnitudes of errX, errY, and errZrise sharply, showing significant
fluctuations that indicate higher stiffness and sensitivity of the under-
lying model. The local error per step (z) increases substantially, reflect-
ing the heightened response of the model to parameter perturbations

TABLE A6 | Per-sample pointwise error and per-step z for low
scenario.

Tx Ty Tz
Time erry (perstep) erry, (perstep) err, (per step)

100 -76.36 -—0.15272 -470.28 -0.94056 —61.71 —0.12342

90 —-81.36 —0.16272 —475.31 -0.95062 -—62.39 —0.12478
80 —88.32 —0.17664 —479.97 -0.95994 -63.19 -0.12638
70 —100.29 -0.20058 -—488.94 -0.97788 —65.14 —0.13028
60 —117.53 -0.23506 —508.45 -1.01690 —69.44 —0.13888
50 —143.53 -0.28706 —554.38 -1.10876 —79.89 —0.15978
40 —177.03 -0.35406 —658.67 —1.31734 -103.80 —0.20760

30 —213.22 -0.42644 -935.74 -1.87148 -165.40 —0.33080
20 —225.76 —0.45152 —3703.18 —7.40636 —295.34 —0.59068
10 —136.43 —0.27286 —3381.34 —6.76268 —356.45 —0.71290

TABLE A7 | Per-sample pointwise error and per-step = for high
scenario.

Tx Ty Tz
Time erry (perstep) erry (perstep) err, (per step)
100 -1623.70 —3.24740 —5914.40 —11.82880 8961.87 17.92374
90 —1886.73 —3.77346 —29015.71 —58.03142 33145.35 66.29070
80  —2194.33 —4.38866 —29654.81 —59.30962 32290.63 64.58126
70  —2424.34 —4.84868 —35231.52 —70.46304 33100.42 66.20084
60  —2454.09 —4.90818 —48143.75 —96.28750 41089.09 82.17818
50 —2359.71 —4.71942 —68399.03 —136.79806 63828.13 127.65626
40 —2525.82 —5.05164 —76548.40—-153.09680 87287.77 174.57554
30  —2108.33 —4.21666 —49756.72 —99.51344 24250.93 48.50186
20 —820.38 —1.64076 —22228.90 —44.45780 —3800.98 —7.60196
10 —192.94 —0.38588 —13982.04 —27.96408 5370.75 10.74150

and time-step propagation. While RK4 captures the rapid variations effi-
ciently at early stages, it tends to amplify local oscillations as the simu-
lation progresses, particularly for Y (r) and Z(¢). In contrast, the NSFD
scheme continues to maintain numerical damping, reducing excessive
oscillations and containing error escalation near equilibrium points. This
stability advantage underscores NSFD’s ability to handle stiff or highly
nonlinear systems without losing consistency. Overall, comparing both
scenarios confirms that the NSFD method demonstrates superior error
control, asymptotic stability, and robustness against parameter-induced
perturbations, making it a more reliable numerical tool for simulating
highly interactive and nonlinear dynamical systems.
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